We propose a three-dimensional (3D) holographic display by converting an optically recorded complex full-parallax (FP) hologram to an off-axis horizontal-parallax-only (HPO) hologram. First, we record the complex FP hologram of an object using optical scanning holography. We then convert the complex FP hologram to an off-axis HPO hologram through fringe-matched Gaussian low-pass filtering and with the introduction of an off-axis reference. Finally, we reconstruct the off-axis HPO hologram optically using an amplitude-only spatial light modulator. Until now, only computer-generated HPO holograms have been displayed optically. To the best of our knowledge, this is the first demonstration of a 3D display of an optically recorded HPO hologram.
Introduction
Electroholographic systems that reconstruct a computer-generated hologram (CGH) have been proposed for three-dimensional (3D) display in which the CGH has been synthesized as a form of off-axis horizontal-parallax-only (HPO) holographic data [1] [2] [3] [4] [5] . This makes it possible to display computer-generated 3D images without twin-image noise, while reducing the amount of holographic data. However, electroholographic display systems are limited in reconstructing computer-synthesized images of some fictitious 3D objects because the hologram is generated using computer-aided design (CAD) data. Recently, HPO optical scanning holography (OSH) has been suggested as an electro-optical technique that actually records the holographic information of a real object without vertical parallax [6] . However, the proposed HPO OSH will introduce aberration upon optical reconstruction along the vertical direction if the vertical extent of the asymmetrical Fresnel zone plate (FZP), which has been proposed to generate the HPO data from a real object, is not small enough [6, 7] . To eliminate aberration caused by the asymmetrical FZP, an algorithm that converts a recorded full-parallax (FP) hologram to an HPO hologram was subsequently proposed [7] . In the algorithm, a complex FP hologram is converted to a HPO complex hologram via digital filtering. Digital filtering consists of two parts: Gaussian low-pass filtering (GLF) and fringe-matched (FM) filtering. The purpose of FM filtering is to eliminate the curvature along the vertical direction. Finally, the filtered hologram becomes an encoded pattern between the object's intensity and a one-dimensional (1D) FZP, which does not introduce aberration along the vertical direction upon optical reconstruction regardless of the vertical extent of the 1D FZP. As far as we know, there exists another technique that has shown the recording of holographic data containing the horizontal-parallax effect. The technique synthesizes a modified HPO hologram using multiple viewpoint recordings of an object using a CCD camera [8] . In this paper, we propose to digitally convert the HPO complex hologram to an off-axis HPO real hologram and reconstruct the off-axis HPO real hologram using a conventional amplitude-only spatial light modulator (SLM). This allows us to reconstruct the 3D image of a real object with horizontal parallax but without twin-image noise. To the best of our knowledge, this is the first time the reconstruction of an optically recorded HPO hologram has been demonstrated. Reconstruction of HPO holograms has been, hitherto, using computer-generated data.
In Section 2, we briefly review OSH that can record the complex FP hologram of an object. In Section 3, we review the algorithm that converts the complex FP hologram to an HPO complex hologram [7] . In Section 4, we propose a digital processing technique that converts the HPO complex hologram to an offaxis HPO complex hologram by adding an off-axis reference. Taking the real part of the resulting HPO complex hologram with added bias becomes the off-axis HPO real hologram. The off-axis HPO real hologram is now a positive real value and can be represented on an amplitude-only SLM. Finally, the reconstruction of the off-axis HPO real hologram using the amplitude-only SLM gives a 3D image without twin-image noise but with horizontal parallax. Finally, in Section 5, the experimental results of the conversion to an off-axis HPO real hologram and 3D display using the hologram is presented.
Optical Scanning Holography
OSH is a form of digital holography that records the complex FP hologram of an object by active optical scanning [9] . The details of OSH shown in Fig. 1 have been intensively investigated previously [10] . In this section, we will briefly review the principles of OSH and introduce HPO OSH. OSH uses a Mach-Zehnder interferometer and an electronic processing unit. The two mirrors (M2 and M3) and two beam splitters (BS1 and BS2) form the Mach-Zehnder interferometer, which includes acousto-optic modulators (AOM1 and AOM2), beam expanders (BE1 and BE2), and a focusing lens (L1), where the AOM1 and AOM2 are driven by Ω and Ω þ ΔΩ, respectively. In the Mach-Zehnder interferometer, the upper path beam becomes a spherical wave toward the object by BE1 and lens L1, and the lower path beam becomes a plane wave toward the object by BE2. The upper and lower path beams are interfered at BS2 and generate a so-called time-dependent Fresnel zone pattern (TD-FZP) onto the object, I o ðx; y; zÞ, located z away from the focal length of lens L1. The TD-FZP scans over the object through the use of the x-y scanner, as shown in Fig. 1 . The transmitted light, after collected by lens L2, is spatially integrated by photodetector PD1. The photodetector then converts the spatially integrated light to an electrical current that is the input to the electronic processing unit, which is composed of mixers and low-pass filters, as shown in Fig. 1 . In the electronic processing unit, the in-phase and quadrature-phase components, i r ðx; y; zÞ and i i ðx; y; zÞ of the current are extracted. These in-phase and quadrature-phase signals are stored in a digital computer using an analog-to-digital converter. In the digital computer, the FP complex hologram of the object is synthesized by adding the in-and quadraturephase signals in the following manner [11] : where z 0 is the depth location of the object and 2Δz is the depth range of the object, as shown in Fig. 1 . The symbol ⊗ denotes the two-dimensional (2D) convolution operation defined as g 1 ðx; yÞ ⊗ g 2 ðx; yÞ
Note that the extent of the FZP along the horizontal and vertical directions is determined by the numerical aperture (NA) of the Gaussian function shown in Eq. (1). Therefore, the recorded hologram has the same parallax along both the x and y directions. In addition, because the recorded hologram is encoded by the complex FZP, the hologram does not have a twin-image component. Accordingly, we call the recorded hologram an FP complex hologram. Because the recorded hologram is the encoded pattern between the object's intensity and complex FZP with an FP, the complex FP hologram can be considered as a collection of 2D complex FZPs [11] . Accordingly, the hologram can reconstruct the object's 3D image without twin-image noise with FP. However, a huge amount of data is required to represent FP information [12] . To reduce the required amount of data, an HPO hologram has been proposed for 3D display [1] [2] [3] [4] [5] . Recently, an algorithm that converts the FP hologram to an HPO hologram has also been proposed as an excellent way to reduce the required amount of data for 3D display [7] . While an FP hologram of a 3D object can be considered as a collection of 2D FZPs, an HPO hologram is a collection of 1D FZPs [7] . Accordingly, the HPO hologram can be considered as the encoding of the object's intensity with 1D FZPs, given as follows [7] :
where NA lp determines the extent of the 1D FZP along the vertical direction. Here, we note that the 1D FZP has a limited extent without curvature along the vertical direction. In the following section, we review the conversion algorithm that converts the recorded complex FP hologram to the complex HPO hologram [7] .
HPO Hologram
As discussed in Section 2, OSH can record the complex hologram of an object with FP as an electronic signal. In this section, we will review the algorithm that converts the complex FP hologram to an HPO hologram [7] . First, we filter the complex FP hologram to a complex HPO hologram using FM-GLF along the vertical direction:
where ðk x ; k y Þ denotes spatial frequencies, NA g is a parameter that determines the cutoff frequency of the FM-GLF, and z 0 is again the depth location of the object, which can be extracted directly from the complex FP hologram using a recently proposed depth detection technique [13] . The filtered hologram is then given by
I o ðx; y; zÞ
where Ff•g and F −1 f•g represent Fourier transformation and its inverse, and
g is the numerical aperture of the FZP along the vertical direction, which determines the extent of the FZP along the vertical direction in the spatial domain. In FM-GLF, we adjust NA g to make the infocus range of the FZP along the vertical direction, 2Δz ver dir ¼ 2λ=NA 2 lp , larger than the depth range of the object, 2Δz, which is usually true in case of synthesizing an HPO hologram for 3D display. Note that this is the exact expression of the HPO hologram of a computer-generated HPO hologram, as in Eq. (2). Here, the HPO hologram synthesized by FM-GLF becomes the encoded pattern between the object's intensity and the 1D FZP, whose extent along the vertical direction is determined by the cutoff frequency of the FM Gaussian low-pass filter. Figure 2 shows a flow chart of the proposed algorithm, and its first three blocks illustrate the procedures discussed so far. In the following discussion, we will investigate the data reduction rate between the HPO hologram and the FP hologram. Since NA determines the extent of the FZP that encodes the hologram, the extent of the 2D FZP is the same along the horizontal and vertical directions. When we represent the FP hologram on an SLM with the size of l × l, according to the Nyquist sampling theorem, the required number of samples (or resolvable pixels) is given by N full-parallax ¼ ðl=ΔlÞ 2 . However, since the extent of 1D FZP depends on the lateral directions, the required pixel pitches of the HPO hologram along the horizontal and vertical directions are given by Δl ≤ λ 2 NA and Δl ver ≤ λ 2NA lp , respectively. Thus, when we represent the HPO hologram on an SLM with the size of l × l, the required number of samples is given by N HPO ¼ ðl=ΔlÞ× ðl=Δl ver Þ. The ratio of the required numbers of samples between the HPO hologram and the FP hologram is defined as a data reduction ratio and given by [7] :
Conversion to an Off-Axis HPO Hologram and Reconstruction with Amplitude-Only SLM
We have converted a complex FP hologram to a complex HPO hologram, as discussed in Section 3. Because a complex hologram records the amplitude and the complete phase of the diffracted optical field, reconstruction of the complex hologram can give the 3D image of an object without the twin-image and background noise [14] . However, a conventional SLM cannot represent a complex HPO hologram because the SLM can represent either amplitude or phase. Because a conventional amplitude-only SLM can modulate the amplitude of an optical field, we can represent either the real or the imaginary part of the complex HPO hologram with DC bias. However, when we reconstruct the 3D image of the object optically for 3D display using an amplitude-only SLM, the reconstructed 3D image of the object is corrupted by the twin-image and background noise. On the other hand, a phase-only SLM modulates only the phase of an optical field, and, thus, if we represent the phase of the complex HPO hologram using the phase-only SLM, the reconstructed 3D image is distorted by amplitude flattening. In this section, we will propose further to convert the complex HPO hologram to an off-axis HPO hologram that is composed of real value only but can reconstruct the 3D image of an object without the twin-image noise, background noise, and the distortion by amplitude flattening. After conversion, we optically reconstruct an off-axis HPO hologram using a conventional amplitude-only SLM for 3D display. In the off-axis hologram, the optical axis of the reference wave is tilted to that of the object wave. The angle between the optical axes of the reference and object waves introduces a spatial carrier within the hologram. The spatial carrier allows the separation of the desired 3D image of the object from the twin-image noise and background noise in the reconstruction stage [15, 16] . To convert the complex HPO hologram to an off-axis HPO hologram, we multiply a spatial carrier term to Eq. (3):
where ∠ represents the phase of a complex function, and θ is a tilted angle between the optical axes of the reference and object waves. Note that we need to choose the off-axis angle, θ, large enough to separate the desired 3D image from the twin-image and background noise [14, 15] . The spatial carrier that is added to the complex HPO hologram separates the background noise as the zeroth-order beam and the twin image as the first-order beam, which are spatially separated from the desired 3D image in the optical reconstruction. [14, 15] . To acquire an off-axis HPO real hologram suitable for display on an amplitude-only SLM, we extract the real part of Eq. (5) 
where dc is a DC bias added to make the off-axis HPO hologram become a positive value. Figure 2 shows the flow chart of the proposed algorithm; its last two blocks illustrate the off-axis conversion procedures discussed so far. From the off-axis real HPO hologram given in Eq. (5), we can optically reconstruct the 3D image of an object using a conventional amplitude-only hologram with data reduction, as shown in Fig. 3 . The optical reconstruction system consists of a laser, a spatial filter beam (SP), a polarizer (PL), a beam splitter (BS), an amplitudeonly SLM, and an analyzer (AL). First, we load The AL changes the modulated polarization state into amplitude distribution, which reconstructs the 3D image of the object. The CCD camera then records the reconstructed desired 3D image.
Experimental Results
OSH is used to record the complex FP hologram of a real object composed of three points on two slides, as shown in Fig. 1 . Two points are located on the front slide, and one point is located on the back slide. The diameter of the points is 200 μm and the depth distance between the two slides is 2Δz ¼ 20 cm. In the front slide, the two points are separated by 4 mm. The front slide of the object is located at 77 cm away from BS2, as shown in Fig. 1 . Fig. 2 . The converted off-axis HPO real hologram is shown in Fig. 5 . In the reconstruction stage, we load the offaxis HPO real hologram onto the SLM, which is an LC-R 2500 from HoloEye. as shown in Fig. 3 . The size and the resolution of the SLM are 19:5 mm × 14:6 mm and 1024 × 768, respectively with a pixel pitch of 19 μm. The reconstructed 3D image of the object is recorded with a CCD camera. The reconstructed images at the location of the front and back slides are shown in Figs. 6(a) and 6(b). Note that we can see that the reconstructed images are focused at each corresponding depth location without the twinimage and background noises. In order to see the effect of the twin-image and background noise, we reconstruct the real part of the complex HPO hologram with DC bias that is the on-axis hologram of the recorded object. Figures 7(a) and 7(b) show the reconstructed images at the location of the front and back slides. We can see that the reconstructed images are corrupted by twin-image and background noises.
Conclusion
We have proposed to reconstruct an optically recorded HPO hologram by converting a complex FP hologram into an off-axis HPO hologram for 3D display. First, we record the complex FP hologram using OSH. Second, we digitally convert the complex FP hologram to an off-axis HPO hologram using FM-GLF and the addition of an off-axis spatial carrier. Finally, we reconstruct the off-axis HPO hologram using an amplitude-only SLM. To the best of our knowledge, this is the first demonstration that records and displays an HPO hologram of an object optically. Only computer-generated HPO holograms, hitherto, have been displayed. The technique proposed here is not limited to holograms recorded by OSH, but is also applicable to any complex FP hologram obtained by a conventional holographic technique, such as phase-shifting holography.
